In this paper, based on a canonical quantization scheme, we study the effect of the relativistic motion of an excited atom on its decay rate in the presence of absorbing and dispersive media. For this purpose, we introduce an appropriate Lagrangian and describe the center-of-mass dynamical variables by the Dirac field. We obtain the Hamiltonian of the system in a multipolar form and calculate the motion equations of the system in the Schrödinger picture. We find that the decay rate and the quantum electrodynamics level shift of the moving atom can be expressed in terms of the imaginary part of the classical Green tensor and the center-of-mass velocity of the atom.
Introduction
One of the most fundamental phenomena in quantum optics is the spontaneous emission caused by the inevitable interaction of an excited atom 1 Ehsan.amooghorban@sci.sku.ac.ir with the vacuum-quantized electromagnetic field and/or the reaction of the atom to its own radiation field [1] . This process was first formulated theoretically by Dirac in 1927 and further by Weiskopff in 1930 [1] . In order to study the spontaneous emission, usually the atom is assumed to be in rest, which leads to difficulties due to Heisenberg's uncertainty relation [2] . In recent years there has been an increasing number of papers on the role of the center-of-mass motion in the process of spontaneous emission [3, 4, 5] , Abraham-Minkowski-controversy [6, 7, 8, 9] , Aharonov-Bohm-type phase shifts [10, 11, 12] and many important effects and applications associated with atomic motion in atom optics, laser cooling, trapping, and isotope separation experiments [13] .
By taking into account the so-called Röntgen term in the atom-field interaction, Wilkens evaluated the velocity dependence of the spontaneous decay rate of an atom which moves in free space with a constant velocity v to lowest order of v/c [3] . Later, Boussiakou et al used a rigorous canonical formalism in which the center-of-mass dynamics of the atom is explicitly included and calculated the spontaneous decay of a moving excited atom in free space [4] . They showed that, irrespective of the orientation of the atomic dipole with respect to the direction of motion, the decay rate of the atom from the point of view of an observer in the laboratory frame is in agreement with special relativity. This result has been confirmed by an alternative but less general approach based on the basic principles of special relativity, physical processes associated with amoving electric dipole and the Doppler shift [5] . As a matter of fact, for more realistic cases atoms are not in free space, but move near the material media. Therefore, this is not a practical assumption for most real world applications.
It is well known that the presence of material media can change the structure of the fluctuating field of the vacuum. Consequently, the spontaneous emission rate can be modified if the atom moves with uniform nonrelativistic speed near materials of different composition and shape. In Refs. [14, 15, 16] , authors considered a more realistic case and studied the spontaneous emission and the friction force experienced by an atom moving with uniform nonrelativistic velocity parallel to a dielectric surface. However, the question that naturally arises in this context is on the emission process occurring when an atom moves in absorbing magnetodielectric material relativistically. It is expected that the relativistic motion of the atom affects the radiative properties of the atom. The present paper is intended to respond this question. Our work extends previous works on the spontaneous decay of the moving excited atom in free space [4, 5] , to the relativistic motion in the presence of the material media.
As a first step in studying the relativistic dynamics of a moving atom in the presence of absorbing media one has to provide the quantization of the electromagnetic field. Generally speaking, there are two approaches to quantize the electromagnetic field in the presence of material media: phenomenological and canonical approach. In this paper, we follow the canonical methods as presented in [17, 18, 19] . More details concerning this rigorous canonical approach can be found in references [17, 18, 19, 20, 21, 22, 23, 24] .
The paper is organized as follows. In Sec. 2, we present a canonical quantization of the electromagnetic field interacting with moving charge particles in the presence of an isotropic, inhomogeneous and absorbing magnetodielectric medium. We start from a convenient Lagrangian and obtain the canonical momenta and the Hamiltonian of the combined system. We apply this approach to the case of two non-relativistic particles of opposite charges which form an atomic system. On the Hamiltonian, we perform a unitary transformation and derive nonrelativistic multipolar Hamiltonian in the electric-dipole approximation. In Sec. 3, we generalize the formalism by introducing the Dirac field to describe the relativistic motion of the atom. In Sec. 4, we examine the time evolution of the atomic system by treating the atom's external and internal degrees of freedom on the same quantum footing in the Schrödinger picture. In this section, the decay rate and the quantum electrodynamics level shift of the two-level atom, that moving with relativistic velocity near dissipative media, are explicitly evaluated. Finally, the main results are summarized in Sec. 5.
Basic equations for non-relativistic dynamics
Let us consider a system composed of charged particles, the electromagnetic field, an absorbing and dispersive magnetodielectric medium and the interactions between them. Since, for short particle-medium separations the macroscopic description of the medium is not justified, we assume that the charged particles are placed in the free space and well separated from the medium. The Lagrangian of the whole system is written as follows [17, 18, 19, 20, 22, 23, 24] 
where
is the Lagrangian for the charged particles with masses m α , charges e α and the position vector r α , and the Lagrangian of the electromagnetic field, L em , is given by
. Here, the electric and magnetic fields can be defined in terms of the vector potential A and the scalar potential ϕ as E E E = −∇ϕ − ∂A ∂t and B B B = ∇ × A, respectively. In the Coulomb gauge, respectively, −∇ϕ and − ∂A ∂t are related to the longitudinal part E E E and the transverse part E E E ⊥ of the total electric field E E E. The third term in Eq. (1), L m , denotes the magnetodielectric medium part as
Here, the medium is modeled by two independent sets of harmonic oscillators characterized by means of two medium fields X ω and Y ω . This scheme is based on Hopfield's microscopic model [25] , which provide the dissipation of the energy as well as the polarizability and the magnetizability characters of the medium. Finally, the interaction part of the Lagrangian (1) is given by
where the terms in the first line describe the interaction of charged particles with the electromagnetic field, and those in the second line represent the interaction between the electromagnetic field and the material fields with the polarization vector P and the magnetization vector M, respectively. Polarization and magnetization vectors can be, respectively, expressed in terms of the electric coupling function, g e , and the magnetic coupling function, g m , as follows
We will see later that the dielectric permeability and the magnetic permittivity of the medium can be naturally expressed in terms of these coupling functions. To simplify the calculations, without loss of generality, we assume that the medium is isotropic. Therefore, the coupling functions g e and g m are both scalars, but take on tensor forms when the medium is anisotropic [19] . From the Lagrangian density (1), the canonical conjugate momenta associated to each dynamical variables can be obtained as
To describe the system quantum mechanically, we follow the standard canonical quantization procedure and impose between the variables and their canonical conjugates, which are now operators on the Hilbert space, the following commutation relations
whereas all the other commutators of the canonical variables vanish. With the help of the above canonical momenta, we can now derive the hamiltonian of the system. After some algebra it readŝ
where the Coulomb energy, w coul , is due to the interactions between the charged particles, the charged particles and the polarization charges, and the interactions between the polarization charges, and is defined as follows [19] 
Here,ρ A (r) = α e α δ(r −r α ),ρ P (r) = −∇ ·P(r), are, respectively, the charge density, the polarization charge density, and the scalar potential which are attributed to the external and the polarization charges, according to:
. Due to the presence of the external charged particles, the longitudinal and transverse components of the electric field can be written respectively asÊ E E =Ê − ∇φ A andÊ E E ⊥ =Ê ⊥ , whereinÊ = −∇φ P = −P /ε 0 [19, 26] . Here, the total electric filed in the absence of the charged particles is denoted byÊ. Accordingly, the induction fieldB in the presence and absence of the charged particles is given byB B B =B [19] .
In the Heisenberg picture, the time-evolution of operators are given by the Heisenberg equation. By using the Hamiltonian (15), the equations of motion for the material fieldsX ω andŶ ω are obtained aŝ
By solving these equations and substituting their solutions into Eqs. (5) and (6), we derivê
where χ e and χ m are the electric and magnetic susceptibilities of the medium. In terms of the electric and magnetic coupling functions, g e and g m , these expressions take the form
where θ(t) is the Heaviside function. In Eqs. (19) and (20) ,P N andM N are, respectively, the noise polarization and the noise magnetization operators. It is worth nothing that these noise operators form a Langevin noise currentĴ
. These operators can be expressed in terms of the homogeneous part of the solution of Eqs. (17) and (18) as follows: (17) and (18) for the medium fields, one can easily show that the wave equation governing the electric field is obtained as
where c is the speed of light, and ε = 1+χ e and µ −1 = 1−χ m are, respectively, the electric permittivity and the inverse magnetic permeability function of the medium.
Let us consider a simplified system of two non-relativistic particles of opposite charges e 1 = −e 2 = e and masses m 1 and m 2 which form an atomic system, interacting with the electromagnetic field in the presence of a lossy medium. To separate the degrees of freedom due to the atomic gross motion from those of the internal motion, it is convenient to introduce the centerof-mass frame with new variables,R = (11), it immediately follows that
[r
In the following, we rephrase the Hamiltonian (15) in terms of the center-ofmass dynamical variables. This can be carried out by applying a canonical transformation to Eq. (15) and, when explicitly written, is seen to lead to the usual multipolar Hamiltonian. The canonical transformation is nothing other than the Power-Zienau-Woolley transformation which is characterized by the unitary operatorÛ = e iΛ = exp i d 3 rP at (r, t) ·Â(r, t) wherê
is the atomic polarization field relative to the center-of-mass coordinatê R [29] . Under this canonical transformation, it is clearly seen that the variablesr α ,Â, andB are unchanged. In contrast, the canonical momentump α and the transverse part of the electric fieldÊ ⊥ are modified as follows [28, 29] 
where ∇ α refers to differentiation with respect to the coordinater α , the subscript ⊥ indicates the transverse part of the relevant vector, andΞ at,α (r) is the atomic magnetization field relative to the center-of-mass coordinateR, which is defined as:
(31) Now, we obtain the multipolar Hamiltonian,Ĥ mult =Û †ĤÛ , in the electric dipole approximation. In order to get the electric dipole approximation of the multipolar Hamiltonian, we expand the Dirac δ distributions appearing in the atomic polarization vectorsP at andΞ α in powers ofr α −R and keeping only the leading terms. Using the electric dipole version of Eqs. (28) and (31), after some lengthy manipulations the multipolar Hamiltonian in the electric dipole approximation is obtained as:
whered = er rel is the atomic transition dipole momentum in the laboratory frame with matrix elements d kl = k|d|l , theΠ-dependent terms refer to the Röntgen interaction which couples the electric moment of the atom to the magnetic field by virtue of the motion of the atom, the magnetic dipole term comes from the product betweenπ andd ×B(R) and would be negligible compared to the electric dipole interaction [28] , the term
represents the diamagnetic interaction energy and is small enough to ignore in our calculations [30] , and the term involving the integral of the square of the atomic polarization contributes to the Lamb shift and may be omitted in renormalized energies of the internal motion.
Let us model the atom as a two-level atom with the ground state |l , the excited state |u and the energy difference ω A . With above points in view and introducing the explicit information about the energy levels to Eq. (32), we arrive at the following effective Hamiltonian
whereσ andσ † are the Pauli lowering and raising operators of the two-level atom.
To facilitate calculations, we introduce the bosonic operatorsf e (r, ω, t) =
[ωŶ ω (r, t) + iΠ ω (r, t)] which play the roll of the collective excitations of the electromagnetic field and the absorbing medium. By lengthy but straightforward calculations, one can show that the Hamiltonian of the electromagnetic field, the medium and the interactions between them, i.e. the last term in the first line, the second line and the first term in the third line of Eq. (33) , are simplified as [17, 20, 24 
wheref e (r, ω, t) andf m (r, ω, t) associated with the electric and magnetic excitations. By applying the commutation relations (13) and (14), it can be shown that the bosonic operators satisfy the usual commutation relations
With the help of these bosonic operators and Eqs. (25) , (23) and (24), the explicit form of the electric field operator is obtained in terms of the electro-magnetic Green tensor of the system as follows:
where G(r, r ′ , ω) is the unique solution to the Helmholtz equation
together with the boundary condition G(r, r ′ , ω) → 0 for |r − r ′ | → ∞, satisfies the integral relation
All the information about the geometry and topology of the environmental media are contained in the Green tensor of the system G via the electric permittivity function ε and the magnetic permeability function µ. Now, the set of equations (33), (34) and (36) together with the commutation relations (26), (27) and (35) provide the canonical quantization of the electromagnetic field interacting with moving charge particles in the presence of an isotropic, inhomogeneous and absorbing magnetodielectric medium. As we expected, these equations are the same as obtained from the phenomenological method [31, 32] . In recent years, based on the phenomenological approach, the quantum description of moving atoms at non-relativistic speeds has been studied extensively [14, 31, 32] . In the next section, as an application of our formalism and a main purpose of this article pointed out earlier, we treat the general case that the atomic system is in uniform motion with relativistic speeds in the presence of material medium.
Relativistic dynamics
In this section, we study the dynamics of a moving two-level atom interacting with the electromagnetic field near absorbing media at the relativistic regime. The starting point is the total Lagrangian (1), with the only difference is that the particle motion is treated relativistically. Because the medium is at rest, therefore, there is no need to write the Lagrangian density associated with the medium in a covariant form. Given that the internal dynamics of the atom are not affected by relativistic considerations other than throughR [4] , we therefore follow the approach presented in [17, 33] and describe the center-of-mass dynamical variables by the Dirac field. To do so, we start from the total Lagrangian (1), and rewrite the Lagrangian associated with the kinetic energy of the charged particles and their interactions with the electromagnetic field in term of the center-of-mass coordinatê R and the relative coordinater rel . With these notes, we can replace the relevant terms associated to the center-of-mass coordinate by
and write the external current and charge densities, respectively, as J(r, t) = ecψ † (r, t)αψ(r, t) and ρ(r, t) = eψ † ψ(r, t), where γ µ are the Dirac matrices with γ 4 = β, γ j = βα j , andψ = ψ † β. In the standard representation, the γ matrices are expressed in terms of the 2 × 2 Pauli matrices σ j (j = 1, 2, 3) and the identity matrix I, as
The canonical momentum associated to ψ is given by i ψ † /2 = ∂L ∂ψ(r,t)
. Now, we impose the canonical anti-commutation relation for the Dirac field as
It is convenient to expand the Dirac field ψ(r, t) in terms of the eigenfunctions of Dirac equation in the absence of electromagnetic field
where ψ µ (q) = u µ (q) e iq·r with u µ (q) are the four-component spinors and c µ (q, t) is the atomic annihilation operator [34] . With the help of the above expansion and by substituting Eq. (39) into (1) and making use of Eqs. (8)- (10) and the canonical momentum ψ † , we obtain the effective multipolar Hamiltonian asĤ
whereĤ F is the Hamiltonian given by Eq. (34) andĤ A = 1 2
denotes the Hamiltonian of the moving atom, wherein γ = 1 −Ṙ 2 /c 2 withṘ is the center-of-mass velocity of the atom.
Here, the first term in the right-hand side ofĤ A corresponds to the internal dynamics of the atom in the laboratory frame, while the second term is related to the center-of-mass motion of the atom with the momentum q and the energy E q,µ = ± 2 c 2 q 2 + M 2 c 4 , in which the plus(minus) sign is to be taken for µ = 1, 2(µ = 3, 4). The unperturbed HamiltonianĤ A +Ĥ F has the eigenstate |atom + rad = |atom |rad which are the direct product of the eigenstates ofĤ A andĤ F .
The interaction HamiltonianĤ int in Eq. (44) composed of two parts: the interaction between the electric dipole and the electric and magnetic field, and the Röntgen interaction. The interaction Hamiltonian in the Fourier space is given bŷ
where d A = l|d|u = u|d|l .
Radiative properties of a moving atom
In this section, to describe the radiative dynamics of the moving atom, we study the time evolution of the system state vector and find their probability amplitudes by using the Markov approximation. For a single-quantum excitation, the time-dependent state vector of the whole system can be written as
where the atomic state vectors |q µ and |q − k ′ µ refer to the momentum of the atom before and after the emission of the photon, |{0} is the vacuum state of the field, |{1 λ (k, ω)} is the excited state of the field witĥ f † λ (k, ω)|{0} = |{1 λ (k, ω)} , and C u,µ (q, t) and C λl,µ (q, k, k ′ , ω, t) are the respective probability amplitudes of the excited and ground states of the system, the subscript λ = e, m indicates the electric and magnetic excitations of the medium, and the frequenciesω A and ω B are, respectively, defined asω A = ω A γ + |Eq| − δω and ω B = |E q−k ′ | with δω denoting the Lamb shift.
In this case the dynamics is described by the time-dependent Schrödinger equation i ∂ t |ψ(t) =Ĥ|ψ(t) . We insert the state vector (46) into the Schrödinger equation, and obtain the following equations of motion:
substituting the solution of Eqs. (48) and (49) into (47) and using the integral relation (38) in the Fourier space. Then, after a lengthy calculation, we obtainĊ
where we have used µ C u,µ (q, t)u µ (q) = C u (q, t). Here, the kernel function K(k ′ , t−t ′ ) can be written in terms of the imaginary part of the Green tensor of the system as
To make further progress, in first step, it is necessary to compute
. To do so, we can extend the sums over µ and µ ′ to include all four values. We can do this by using
and a similar relation for u µ ′ (q − k ′ ). Now, we consider the completeness relation
The above trace can be evaluated using the identity Tr[(α · a)(α · b)] = 4a·b and the fact that the trace of a product of any odd number of the matrices σ x , σ y , σ z and β is zero. Therefore, Eq. (53) becomes
where v 1 and v 2 are the velocities before and after the emission of the photon. If the momentum of the photon is negligible compared to the center-of-mass momentum of the atom, then v 1 ≃ v 2 and the above relation become equal to two. This is true in both the classical limit and the extreme relativistic limit.
In the next step, to obtain an analytic solution for the probability amplitude (50), we restrict our attention to the case that the atom-field system coupled weakly. We use the Markov approximation and replace the coefficient C u (q, t ′ ) by C u (q, t), and let the upper integration limit in the above equation tend to infinity, then approximate the time integral
by the zeta function ζ(x) = πδ(x) + iP (1/x), in which P stands for Cauchy principal value.
Some remarks on the Markov approximation are now in order. First of all, it is interesting to note that there have been various theoretical studies and debates on the problem of the quantum friction force when an atom moves at constant velocity near a macroscopic body [35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46] . The result is a velocity dependent force causes the atom to decelerate, but leads to contradictory predictions concerning its dependence on velocity and with atom-surface separation. Unfortunately, due to the short range and extremely small magnitude of this force, there is no experimental confirmation yet with presently available technology to judge which of theoretical results is correct. Therefore, we cannot decide whether any of these results is flawed. To clarify the origins of these disagreement between quantum friction calculations, Intravaia et al. [44, 45] showed that the Markov approximation fails to provide reliable predictions for both in equilibrium and out of equilibrium quantum friction. With this in view, Klatt et al. [46] based on Markovian quantum master equations and time-dependent perturbation theory have obtained interesting results concerning the quantum frictional force and the dynamical corrections to the level shifts and decay rates. It is observed that the two approaches agree for the level shifts, the decay rates, and the velocity and distance dependency of the quantum frictional force, if considering the second order in the atom-field coupling. In contrast, both approaches for the quantum friction force differ to the terms of fourth order in coupling [46] .
With the above background and employing the above approximations, we arrive at the familiar result C u,µ (q, t) = exp(− 1 2 Γ + iδω)t (µ = 1 or µ = 2), where Γ and δ are, respectively, the decay rate of the excited atom and the Lamb shift in the laboratory frame. These parameters are defined in terms of the Green tensor of the system as:
Here, the center-of-mass velocity of the atom before and after the emission of photon are, respectively, given byṘ = q/M andṘ− k ′ /γM . Obviously, it is seen that the decay rate Γ and the frequency shift δω have been affected by the atomic motion through complicated relations that can be calculated by having the Green's tensor of any arbitrary medium, but due to the complexity of relations, its analytical calculations are practically impossible and should be investigated numerically. Now, in the limiting case where the surrounding environment of the moving atom is vacuum, the Green tensor of the system is written as follows
By substituting the above equation into Eq. (55), as a well known result of special relativity, we find that Γ = , wherein d 0A and Γ 0 are, respectively, the transition dipole matrix element and the free space rate of decay of the atom in the rest frame of the atom. This agreement also provides an independent check of the theoretical method introduced in this article.
conclusions
In this paper, a canonical quantization of the electromagnetic field interacting with moving charge particles is presented in the presence of an isotropic, homogeneous, and absorbing magnetodielectric medium. To achieve this purpose, an appropriate Lagrangian is introduced and the Hamiltonian of the combined system is derived. A unitary transformation has been applied on the Hamiltonian and the Hamiltonian in a multipolar form is obtained. The formalism is generalized to include the relativistic motion of a atom, and then the evolution of the atomic system is determined in Schrödinger picture. By using the Markov approximation and finding the probability amplitudes of the system state vector, we got a general relation for the spontaneous emission rate and the Lamb shift of a moving atom with relativistic velocities in the presence of dissipation magnetodielectric mediums. It is shown that the dissipation effects of the surrounding environment on the spontaneous emission rate have been entered in our calculations through the Green tensor of the system, while the relativistic motion effects are introduced via the complicated relations including the parameter γ.
